We provide a framework for understanding recent experiments on squeezing of a collective atomic pseudo-spin, induced by a homodyne measurement on off-resonant probe light interrogating the atoms. The detection of light decimates the atomic state distribution and we discuss the conditions under which the resulting reduced quantum fluctuations are metrologically relevant. In particular, we consider a dual probe scheme which benefits from a cancelation of classical common mode noise sources such that quantum fluctuations from light and atoms are the main contributions to the detected signal.
Introduction
During the past year, experiments focusing on pseudo-spin squeezing via quantum nondemolition (QND) measurements (1) have received considerable interest (2, 3, 4, 5, 6) . As reported in (6) , our group recently demonstrated 3.4 dB of spectroscopically relevant quantum noise squeezing for up to ∼ 10 5 caesium atoms via a QND measurement of the population difference between the clock levels. The QND measurement was implemented by interferometric detection of the state dependent phase shift of an off-resonant dichromatic probe light pulse. In the present paper we shall illuminate some of the underlying physics in play for such a measurement induced squeezing protocol.
Atomic projection noise
Imagine N two-level atoms with energy eigenstates |↓ and |↑ . With all atoms initially in the |↓ state a resonant π/2-pulse is applied on the |↓ ↔ |↑ transition preparing each atom in the superposition state (|↓ + i |↑ )/ √ 2 so that the collective atomic state is described by
A projective measurement of the number of atoms in the |↑ -state is connected to an expectation value of N ↑ = N/2 and a variance var(N ↑ ) = N/4. It follows that measurements of the population difference between |↓ and |↑ will fluctuate about a zero mean with a variance var(N ↑ − N ↓ ) = var(2N ↑ − N ) = 4var(N ↑ ) = N . These fluctuations are referred to as atomic projection noise and and they restrict the precision to which we can retrieve the value π/2 for the original angle of rotation from |↓ N N based on a measurement of the |↓ and |↑ population difference. Introducing collective atomic operatorŝ
which may be shown to obey angular momentum commutation relations [Ĵ k ,Ĵ l ] = i klmĴm , we can rewrite |Ψ CSS in terms of simultaneous eigenstates ofĴ z andĴ 2
i.e., the (sub-)set of Dicke states (7,
|Ψ CSS can be obtained by a rotation (θ = π/2, ϕ = 0) of the Dicke state |N/2, −N/2 in angular momentum space and is referred to as a Bloch state, an atomic coherent state, or a coherent spin state (CSS). The polar angle θ and azimuth ϕ parameterize the Bloch sphere of radius N/2. As illustrated in Fig. 1(a) , we can represent the uncertainty associated with a projective measurement on |Ψ CSS as a disk of radius √ N on the Bloch sphere, where the uncertainty disk is centered on the tip of the Bloch vector Ĵ . We conclude that Ramsey spectroscopy which essentially relies on determining such angular rotations of a Bloch vector is ultimately limited by atomic projection noise (9) . The prospect of surpassing this so-called standard quantum limit (SQL) motivates work towards the production of squeezed atomic states [see Fig. 1(b) ] displaying a reduction of quantum projection noise in a given measurement basis (10).
Projection noise measurements and squeezing
In order to infer squeezing of atomic quantum noise it is obviously a requirement to have a measurement scheme with sufficient sensitivity to reveal the projection noise limit for a CSS in the first instance. However, if we have the ability to perform such a projection noise limited measurement on a CSS and, moreover, the measurement has a QND character we have already succeeded in producing a squeezed atomic state. The very act of measuring defines one component of the collective pseudo-spin (say, the population difference) to a precision better than the SQL for a CSS. Such a QND measurement can be implemented by determining the refractive index of the atomic ensemble using off-resonant probe light (1).
Refractive index measurements via phase shift of light
When a probe beam of light of wavelength λ propagates a distance l through a medium of refractive index n it acquires a phase shift φ = 2πl λ (n − 1). The phase shift can be measured in a balanced homodyne detection setup (see Fig. 2 ) where in essence the phase of the probe beam is compared to the phase of a reference beam (local oscillator). Describing the probe and reference pulses of light by coherent states with average photon numbers n p and n r , respectively, the differential signal from the two detectors yields (on average) a signal (see appendix A)
with a second moment given by
For a constant phase shift the differential detector signal fluctuates as var (I − ) = I 2 − − I − 2 = n r + n p independent of φ which is nothing but the shot noise of light. For a fluctuating phase φ we obtain using the law of total variance
where we have assumed that φ π/2 so that sin φ ≈ φ.
Projection noise measurements on a CSS using one and two probes
Suppose now that the refractive medium is made up by N atoms in a CSS as described in section 2 and moreover that the probe laser phase shift is proportional to the number N ↑ of atoms in the |↑ -state:
where φ 0 is a fluctuating background phase not related to the atoms. By off-setting the phase of the reference beam by φ 0 + k ↑ N/2, the differential signal I − (representing the phase difference between the reference and probe fields) fluctuates about zero and the approximation sin φ ≈ φ is valid. Equation (6) then yields (cf. appendix B.1)
We next introduce an additional probe laser with mean photon number m p sensitive to the population N ↓ of the |↓ state. This probe is homodyned with a reference (mean photon number m r ) having a local oscillator phase such that
For k ↓ = k ↑ ≡ k and n r n p = m r m p we get (cf. appendix B.2)
where the approximation in the second line is valid if var(k) k 2 . The variance of the differential detector signal for dual probe interrogation Eq. (10) displays a shot noise term and a projection noise term, the latter scaling linearly with the atom number N . In contrast to single probe interrogation Eq. (8) there is a cancelation of background phase fluctuations not relating to atoms as well as the component quadratic in the number of atoms.
Two-color dispersive probing scheme
In practice, to achieve a dual probe interrogation scheme (11) we can consider a situation as shown in Fig. 3 . Here the frequency of the probe P ↑ (P ↓ ) is detuned ∆ ↑ (∆ ↓ ) from resonance of the closed optical transition between the |↑ (|↓ ) state and an auxiliary quantum state |1 (|2 ). If the detunings are large compared to the respective line widths Γ ↑ (Γ ↓ ) of these two transitions the dispersive interaction responsible for the phase shift of light from atoms will have a simple 1/∆ ↑(↓) dependence, i.e.:
where c ↓,1 and c ↑,2 are constants comprising atomic parameters and the probing geometry. For comparable detunings ∆ ↑ ≈ ∆ ↓ the task of keeping k ↑ = k ↓ translates into stabilizing the difference in frequency between the two probe fields which is experimentally feasible (12) when the transition |↓ ↔ |↑ is in the radio frequency domain (which is the case for hyperfine split states). The requirement var(k) k 2 is then fulfilled if the absolute frequency fluctuations of P ↑ is ∆ ↑ which is also comfortably met for ∆ 100 MHz, e.g. by referencing P ↑ to an atomic transition. In contrast, single probe interrogation poses a criterion var(k) k 2 /N which, e.g., requires the probe frequency fluctuations to be ∆ ↑ / √ N . This quickly becomes a serious challenge for ensembles containing hundred thousands of atoms.
Measurement based quantum noise reduction
When no atoms are present the differential detector signal will fluctuate about zero with a variance given by the shot noise term in Eq. (10) n sn ≡ n r + n p + m r + m p . If we introduce atoms in a Dicke state |N/2, M , i.e. a fixed atomic phase shift, the I − reading would continue to fluctuate with a variance n sn , but now about a mean value 4 √ n r n p kM ≡ gM . The probability distribution of the photonic signal I − conditioned on the atomic state |N/2, M is then
where the Skellam distributed differential photon current has been approximated by a Gaussian.
With the atoms prepared in the CSS Eq. (3) which is a distribution over Dicke states, the probability for a given Dicke state is
Using Bayes' rule the distribution over M -states given a detection event I − = n can be inferred
Compared to the initial CSS |Ψ CSS thisĴ z projection distribution has a variance reduced by a factor 1 + g 2 N/4n sn ≡ 1 + κ 2 and is centered at the value nκ 2 /g(1 + κ 2 ). We refer to this as a conditionally squeezed state since based on the measurement outcome I − = n we can predict the outcome of a subsequentĴ z measurement to a precision better than the SQL for a CSS. In Fig. 4 we illustrate the process of quantum noise reduction (and the shift of the projection distribution) as a result of a particular measurement outcome of I − . The parameter κ 2 ≡ g 2 N/4n sn = 4n r n p k 2 N/(n r + n p + m r + m p ) characterizes the amount of squeezing that is achieved. From Eq. (10) we see that this is nothing but the ratio of atomic projection noise to the shot noise of light encountered in the signal I − . In the case of strong local oscillators of equal intensities n r = m r n p = m p , we have Fig. 1c] . Thus, the variance of the squeezed state must be less than (1 − η) 2 δ 2Ĵ CSS z for metrologically relevant squeezing, i.e, (1 + κ 2 ) −1 < (1 − η) 2 . With α = (Γk/∆)(N/2) being the absorption coefficient for each probe and neglecting depletion, a total of 2n p α = n p (Γk/∆)N photons are spontaneously scattered and
The tradeoff between information gained via Eq. (15) and coherence lost via Eq. (16) in terms of number of probe photons is illustrated in Fig. 5 . This leads to an optimal decoherence parameter η (11). We note that since (via k) both κ 2 and η are ∝ 1/∆ 2 , the detuning enters the squeezing optimization completely equivalently to n p . So despite the fact that the absorption falls off as 1/∆ 2 while the index of refraction only falls off as 1/∆ the maximally achievable metrologically relevant squeezing for a given number of atoms N does not increase with the probe laser detuning: in principle, the maximum can be obtained for any detuning by adjusting the probe photon number accordingly. In practical experiments, to reduce the effect of probe frequency fluctuations a certain detuning may, however, be required (cf. section 3.1.2). This conditionally reduced variance must be below the projection noise benchmark scaled down by a factor (1 − η) 2 (dashed line) for the noise squeezing to be metrologically relevant [cf. Fig. 1(c) ].
Conclusion
In conclusion, we have elaborated on some important perspectives of our recent experiments (6) demonstrating spectroscopically relevant quantum noise squeezing on the Cs clock transition.
Here a conditionally squeezed state was produced by performing a QND measurement on the atomic pseudo-spin projection using a two-color dispersive probing scheme. The two-color protocol for which we have evaluated the noise terms benefits from several levels of common-mode rejection. We have provided a description of the atomic quantum state reduction resulting from the measurement on off-resonant probe light after QND interaction with a CSS. This generally gives rise to a state with reduced fluctuations of an atomic pseudo-spin component as compared to the initial CSS. We have discussed the conditions for this noise reduction to be of metrological relevance and aspects of the tradeoff between atomic decoherence and information gain. 
